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Let d, n ∈ N, d > 1, r > 0, Bd[a, r] = {x ∈ Rd : |x− a| ≤ r} and Sd[a, r] =
{x ∈ Rd : |x− a| = r}. Denote bd = mesBd[0, 1], where 0 = (0, . . . , 0) ∈ Rd, and
let σd be the (d − 1)-dimensional measure of Sd[0, 1]. Let p : (0, r] → (0,∞) be a
continuous function such that

∫ r
0 p(t)td−1dt < ∞. Denote by Vd(p) the closure in

the uniform metric on Bd[0, r] of the class of continuously differentiable functions
f : Bd[0, r] → R such that

∫
Bd[0,r] |gradf(x)| p(|x|)dx ≤ 1.

For a function f ∈ Vd(p) put Fρ(f) = σ−1
d ρ1−d

∫
Sd[0,ρ] f(x)dS, ρ ∈ (0, r], F0(f) =

f(0) . Let Ud
n be the set of all cubature formulas K : Vd(p) → R for approximate

integration along Bd[0, r] of the form K(f ; rn, cn) =
∑n

k=1 ck · Frk
(f), where cn =

(c1, . . . , cn) ∈ Rn, rn = (r1, . . . , rn) ∈ Rn, and 0 ≤ r1 < . . . < rn ≤ r. Set

Rn (Vd(p)) = inf
rn,cn

sup
f∈Vd(p)

∣∣∣∣∣
∫

Bd[0,r]
f(x)dx−K(f ; rn, cn)

∣∣∣∣∣. (2)

Problem. It is required to find value (2) and optimal formulae for the class Vd(p),
i.e. sets r∗n, c∗n, delivering the infinum on the right-hand side of (2), if they exist.

Denote by Zn,d the set of all functions z such that z(t) = 0, t ∈ [0, r1), z(t) = Ck,
t ∈ [rk, rk+1), k = 1, n− 1, z(t) = bdr

d, t ∈ [rn, r], where Ck ∈ R, k = 1, n− 1,
0 ≤ r1 < . . . < rn ≤ r. Let also ‖g‖p,∞ = vrai supt∈[0,r]

∣∣g(t)(p(t))−1t1−d
∣∣.
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Theorem It is true that Rn(Vd(p)) = σ−1
d infz∈Zn,d

‖z(t)− bdt
d‖p,∞. If p(t) = t1−d,

then formula K(·; r∗n, c∗n) ∈ Ud
n, where c∗k = bdr

dn−1, r∗k = r (2k − 1)1/d(2n)−1/d,
k = 1, n, is optimal in the class Vd(p). In addition, Rn(Vd(p)) = rd(2nd)−1.

If p(t) = 1 and d = 2, then c∗k = 2πr2k(n(n + 1))−1, r∗k = rk(n(n + 1))−1/2,
k = 1, n, and Rn(V2(p)) = 2−1r(n(n + 1))−1/2. If d ≥ 3, r∗1 =rϕ(xn)(1+ϕ(xn))−1/d,
r∗k=xk−1r

∗
k−1, k=2, n, c∗k=2bdϕ(xk)(r∗k)

d, k=1, n, and Rn(Vd(p))=r∗1/d, where xk>1,
k=1, n, ϕ(t)=(td − 1)(td−1 + 1)−1 and ϕ(x1)=1, ϕ(xk)=ϕ(xk−1)x−1

k−1, k=2, n.


